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Abstract

This work investigates ‘negation as opposite’ and leverages earlier work on
compact regularity to provide the necessary proof theory. Specifically, we
build on Moshier’s connection between Gentzen’s cut rule and regularity
in compact spaces. Moshier proved that a space is compact regular if
and only if every sequent in a corresponding sequent calculus arises as an
instance of Gentzen’s cut rule. This implies that the logical structure of
a generalized version of sequent calculus can fully capture the topological
property of compact regularity. Conversely, compact regular spaces can
serve as the semantical interpretation of a paraconsistent generalization of
sequent calculus [6].

Consider the following diagram

KRegSp SCSpp

KRegLoc SCLocp

⊆

Ω

⊥
Patch

Ω

⊆
⊥

≡ pt

Patch

≡ pt

The top of the diagram illustrates a coreflection of stably compact spaces
with perfect maps within compact regular spaces with continuous maps.
The functors Ω and pt on the sides of the diagram are the adjoints between
Top and Loc derived from Stone duality, reduced to equivalences for the
categories in question. The proof that KRegLoc and SCLocpp consist of
spatial locales (and thus Ω and pt reduce to equivalences in these cases)
is non-constructive. However, there is a way to give intuitionistically valid
proofs: one isolates the intuitionistically valid aspects of the construction
in the locales and transfers the results to spaces via Ω and pt. Neverthe-
less, although localic proofs can be intuitionistically valid, they frequently
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involve impredicative principles due to the nature of a locale as a type of
complete lattice. Quantification over the power set of formal opens of the
locale is generally unavoidable, necessitating the sub-object classifier of a
topos to discuss locales in general.

Moshier reconsiders the patch construction predicatively, adding an-
other row to the previous diagram. Here, MLSu

¬ and MLSu are categories
equivalent to KRegLoc and SCLocp. The proofs of these lower equiva-
lences are intuitionistically valid.

KRegSp SCSpp

KRegLoc SCLocp

MLSu
¬ MLSu

⊆

Ω

⊥
Patch

Ω

⊆
⊥

≡ pt

ang

Patch

≡ pt
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⊆
⊥

≡ idl

Patch

≡ idl

MLS, multilingual sequent calculus, was first introduced in [5] and is
based on Gentzen’s sequent calculus [4]. MLS provides finitary formal
representations of stably compact locales (or spaces, non-constructively),
making it particularly suitable for predicative constructions. The objects
in MLS are certain sequent relations that are closed under the cut rule and
enjoy sequential cut decomposition.

Now, MLSu is a full subcategory of MLS. It consists of upper adjoint
compatible consequence relations. In simpler terms, MLSu includes those
morphisms in MLS that have a corresponding lower adjoint, making them
adjoint pairs. This subcategory is significant because it aligns with the
category of stably compact locales with perfect maps (SCLocp).

The patch construction adds ‘opposites’ to a given logic. Opposites are
tokens or formulas that behave according to Gentzen’s rules for negation,
with the caveat that they are not Boolean complements. Specifically, in
a canonically separated calculus, every token ϕ has an opposite ϕ′. Fi-
nally, the patch construction ensures that the resulting category (MLSu

¬)
is equivalent to the category of compact regular locales (KRegLoc), hence
assuming the prime ideal theorem, to the category of compact Hausdorff
spaces.

Opposites are crucial for the patch construction, as they allow the cre-
ation of a canonically separated calculus from a given stable calculus. This
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construction is essential for establishing the coreflection and ensuring that
the resulting category has the desired logical and topological properties.

Nevertheless, the author points out that ‘earlier versions of the paper
used the term “negation”, but as an anonymous reviewer and others have
pointed out, the reader has a reasonable expectation to interpret nega-
tion as a complement’, or at least a pseudocomplement. In this talk, we
show two things: first, that (philosophically minded) readers do not have
a reasonable expectation to interpret negation as a complement. The main
reason is that the literature on different types of negations is abundant.
For example, some interpret negation as cancellation [7] [9], intuitionists
interpret negation as (A → ⊥), negation as incompatibility [2] [8], or that
the truth conditions of negation represent the truth within the language
[1]; second, as a consequence of the first point, that opposites should be
negations of a different sort.

A strong reason to consider opposites as negations lies in their adherence
to Gentzen’s rules for negation, that is,

Γ ⊢ ∆, ϕ
L♯

ϕ′,Γ ⊢ ∆

ϕ,Γ ⊢ ∆
R♯

Γ ⊢ ∆, ϕ′

where ϕ and ϕ′ are tokens and if we want to denote they are opposite,
we write ϕ♯ϕ′.

Whether or not they are Boolean complements depends on the type of
negation they represent. While they might align with classical negation,
they may also belong to other forms of negation. Indeed, it can be argued
that Gentzen’s negation rules capture the expected behavior of negation
more accurately than Boolean complements. Contrary to the view pre-
sented in the original paper, we suggest that opposites can be considered
as negations, although they are not Boolean complements. In order to do
this some properties different from Boolean complementarity are required
to consider a negation as such. The questions is, what are these proper-
ties? The literature on negations is well-established in non-classical logics.
See [3], [2], [8], [1] for a comprehensive discussion. This perspective allows
for the exploration of different types of negations, expanding the scope of
opposites to other non-classical negations.

It is worth noticing that neither the law of excluded middle nor its
dual, the law of non-contradiction, is satisfied in this framework. Thus,
in particular, this logic is classified as paraconsistent. In this talk, we will
show that there are other forms of negation that satisfy the properties of
opposites as defined in our framework. Opposites, as we have discussed,
are tokens that follow Gentzen’s rules for negation but are not necessarily
Boolean complements. By exploring different types of negations, such as
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negation in a paraconsistent setting, or relevant negations, we will show
that these forms of negation align with the behavior of opposites. This
perspective allows us to expand the scope of opposites to include various
non-classical negations, thereby enriching our understanding of negation in
logical systems.

Keywords— non-classical negations, Boolean complement, opposites, compact regu-
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