Uniform validity of atomic Kreisel-Putnam
rule in monotonic proof-theoretic semantics

In recent years, many completeness or incompleteness results have been proved for variants of mono-
tonic proof-theoretic semantics (mPTS), see [1, 2, 6,7, 8, 12, 11, 13, 14]. A model of mPTS is a set B
of atomic rules R of level n > 0 of the form
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where A;, A are atoms from the underlying language, and ‘R; is an atomic rule of level n — 2 discharged
by R (i < n). That A is a consequence of T on B, written I g A, is defined thus—Ilimiting ourselves to
propositional logic:
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—for approaches where one also takes care of constraints on the specific kinds of (sets of) sets of atomic
rules of given levels, see [8, 12, 13, 14].

These variants of mPTS have been qualified as sentential—see [12]—since they start with a prim-
itive notion of consequence on B, and so differ from Prawitz’s original approach [9, 10], where con-
sequence of A from I on B is defined as existence of an argument from I' to A valid on B—Ilogical
consequence is likewise defined as existence of a logically valid argument from I" to A. Valid arguments
on B are here prior, and defined as follows (some preliminary definitions are required).

Definition 3. An argument structure is a tree 9 with nodes labelled by formulas, and whose edges are
arbitrary inferences that may discharge top-formulas or atomic rules. The undischarged top-formulas
are the assumptions of &, while the root is the conclusion of Z.

Definition 4. 2 is closed if all its assumptions are discharged, and it is open otherwise.

Definition 5. 9 is canonical if it ends by applying an introduction, and it is non-canonical otherwise.
Definition 6. An inference rule R is a set of argument structures.

1 write 2[2*" | 2*] the result of replacing by Z** the sub-structure Z* of 2.

Definition 7. Let o be a function from formulas A to (closed) argument structures with conclusion A.
The (closed) o-instance 27 of 9 is P[0 (A1), ..., 0(A,) /Ay, ..., Ay, where Ay, ..., A, are the undischarged
assumptions of 9.
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Definition 8. A reduction for R is a function ¢ from argument structures to argument structures, defined
on some D C R and such that, V9 € D,

e DisfromTto A= ¢(D)isfromT* CTto A
e Yo, ¢ is defined on 27, and ¢(27) = ¢(Z)°.

Definition 9. Letr 3 be a set of reductions. 9 reduces to Z* relative to 3, written 9 <5 9%, if there is a
sequence 9, ..., D, such that 9 = D1, * = D, and, Vi < n, D1 = D;[¢(D)] D**] with ¢ € .

Definition 10. (2, 3J) is valid on 8
e 9 is closed =

— the conclusion A of 9 is atomic = P <5 9" with 9" closed derivation of A in B
— D is canonical = the immediate sub-structures of 9 are valid on B when paired with J

— 9 is non-canonical = 9 <5 9" with 9* canonical valid on B when paired with 3

e 9 is open with assumptions Ay, ...,A, = Y€ 2 B, 9 2 J, 0, (o(A)), ) valid on € = (27, %)
valid on €).

Definition 11. (2, J) is logically valid & it is valid on every B.

One might wonder whether (logical) consequence in sentential mPTS implies (logical) consequence
in Prawitz’s original approach, and vice versa. In [5] it is shown that, when the notion of set of reductions
is liberal enough, then the two approaches do coincide, whence intuitionistic logic is incomplete relative
to a Prawitzian-oriented framework with liberal sets of reductions.

In a stricter reading, sets of reductions are base-independent partial constructive functions for uni-
form rewriting of argument structures. It is not easy to define base-independence precisely, but the rough
idea is that sets of reductions are constructive (or possibly finite) sets of operations whose output values
are described by relying only on structural properties of the input values and, more in particular, with
no reference to specific atomic bases and structures which input values reduce to on those bases—this
seems to be how Prawitz thinks of reductions in [9, 10], but see also [4, 12]. Following [12], I shall call
uniform monotonic proof-theoretic semantics (umPTS) this approach.

It is not clear how to attain a direct translation from mPTS to umPTS, mainly due to the fact that it
is not clear how to prove in umPTS the mPTS clause for the open consequence case, i.e., with I" # 0,

Ty A e V€2 B (ks I = E¢ A).

While the = direction of this clause trivially holds in umPTS too, the <= might fail. The fact that the
existence of closed (Z, J)-s for the elements of I valid on € implies the existence of a closed (Z*, $)
for A also valid on €, may not imply in any straightforward way the existence of an open (Z**, &) from
I to A valid on 8B, when K is constrained to be uniform.

In my talk, however, I show that this issue can be overcome, and that incompleteness of intuitionistic
logic with respect to umPTS can be actually proved without any need of translating results from mPTS
to umPTS. This is done along the lines of some incompleteness proofs given in [1, 2, 7], which apply to
a framework where the notion of validity is defined in terms of (intuitionistic) constructions.

As said, sets of reductions in umPTS are partial constructive functions of a special kind, so proofs
referred to a notion of validity defined in terms of (intuitionistic) constructions may not be automatically
transferable to umPTS. A rough attempt at turning the kind of constructions used in the incompleteness
proofs from [1, 2, 7] into sets of reductions in umPTS, seems in fact to suggest that the sets of reductions
thereby obtained would not be base-independent.
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On the other hand, Pezlar [3] has recently proved that a generalised Kreisel-Putnam rule—where
the antecedent of the premise is a Harrop formula—can be constructively justified through a selector
with schematic elimination and equality type-theoretic rules. The formulation of Pezlar’s selector in a
Natural Deduction formalism seems to hint at the fact that something similar might be done for umPTS
and, hence, that an incompleteness proof along the lines of [1, 2, 7] can be found also for Prawitz’s
original framework—monotonically understood. I will prove that this is the case for the intuitionistically
underivable Kreisel-Putnam rule restricted to atoms, i.e.,

p—>qu
Poavpor F

by exhibiting a set of reductions for this rule which is clearly base-independent—however the concept
of base-independence is defined—so the following is provable.

Theorem 1. There is a base-independent set of reductions J such that the open argument structure KPa
is valid on every B.

The required set of reductions is made up of the five functions ¢, ¢»;, ¢3,; defined as follows.

1
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where i = 1,2. From this we immediately draw the following conclusion.
Corollary 1. Intuitionistic logic is incomplete over umPTS.

When Prawitz’s completeness conjecture from [10] is formulated in a monotonic approach, umPTS
is the kind of proof-theoretic semantics which the conjecture should refer to, whence Corollary 1 implies
a refutation of the conjecture for this “orthodox” Prawitzian framework.



Uniform monotonic proof-theoretic validity of atomic Kreisel-Putnam rule

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

(14]

Wagner de Campos Sanz and Thomas Piecha. A critical remark on the BHK interpretation of implication.
Philosophia Scientiae, 18(3):13-22, 2014. https://doi.org/10.4000/philosophiascientiae.965.

Wagner de Campos Sanz, Thomas Piecha, and Peter Schroeder-Heister. Constructive semantics, admissibility
of rules and the validity of peirce’s law. Logic journal of the IGPL, 22(2):297-308, 2014. https://doi.
org/10.1093/jigpal/jzt029.

Ivo Pezlar. Constructive validity of a generalised Kreisel-Putnam rule. Studia Logica, 2024. https://doi.
org/10.1007/s11225-024-10129-x.

Antonio Piccolomini d’Aragona. A note on schematic validity and completeness in Prawitz’s semantics. In
Francesco Bianchini, Vincenzo Fano, and Pierluigi Graziani, editors, Current topics in logic and the philoso-
phy of science. Papers from SILFS 2022 postgraduate conference. College Publications, 2024.

Antonio Piccolomini d’Aragona. A comparison of three kinds of monotonic proof-theoretic semantics and
the base-incompleteness of intuitionistic logic. Submitted.

Thomas Piecha. Completeness in proof-theoretic semantics. In Thomas Piecha and Peter Schroeder-
Heister, editors, Advances in proof-theoretic semantics, pages 231-251.2016. https://doi.org/10.1007/
978-3-319-22686-6_15.

Thomas Piecha, Wagner de Campos Sanz, and Peter Schroder-Heister. Failure of completeness in proof-
theoretic semantics. Journal of philosophical logic, 44:321-335, 2015. https://doi.org/10.1007/
s10992-014-9322-x.

Thomas Piecha and Peter Schroeder-Heister. Incompleteness of intuitionistic propositional logic with re-
spect to proof-theoretic semantics. Studia Logica, 107(1):233-246, 2019. https://doi.org/10.1007/
s11225-018-9823-7.

Dag Prawitz. Ideas and results in proof theory. In J. E. Fenstad, editor, Proceedings of the second Scandinavian
logic symposium, pages 235-307. Elsevier, 1971. https://doi.org/10.1016/S0049-237X(08)70849-8.
Dag Prawitz. Towards a foundation of a general proof-theory. In P. Suppes, L. Henkin, A. Joja, and Gr. C.
Moisil, editors, Proceedings of the Fourth International Congress for Logic, Methodology and Philosophy of
Science, Bucharest, 1971, pages 225-250. Elsevier, 1973. https://doi.org/10.1016/S0049-237X(09)
70361-1.

Tor Sandqvist. Base-extension semantics for intuitionistic sentential logic. Logic journal of the IGPL,
23(5):719-731, 2015. https://doi.org/10.1093/jigpal/jzv021.

Peter Schroeder-Heister. Prawitz’s completeness conjecture: a reassessment. Theoria, 90(5):492-514, 2024.
https://doi.org/10.1111/theo.12541.

Will Stafford. Proof-theoretic semantics and inquisitive logic. Journal of philosophical logic, 50:1199-1229,
2021. https://doi.org/10.1007/s10992-021-09596-7.

Will Stafford and Victor Nascimento. Following all the rules: intuitionistic completeness for generalised
proof-theoretic validity. Analysis, 2023. https://doi.org/10.1093/analys/anac100.


https://doi.org/10.4000/philosophiascientiae.965
https://doi.org/10.1093/jigpal/jzt029
https://doi.org/10.1093/jigpal/jzt029
https://doi.org/10.1007/s11225-024-10129-x
https://doi.org/10.1007/s11225-024-10129-x
https://doi.org/10.1007/978-3-319-22686-6_15
https://doi.org/10.1007/978-3-319-22686-6_15
https://doi.org/10.1007/s10992-014-9322-x
https://doi.org/10.1007/s10992-014-9322-x
https://doi.org/10.1007/s11225-018-9823-7
https://doi.org/10.1007/s11225-018-9823-7
https://doi.org/10.1016/S0049-237X(08)70849-8
https://doi.org/10.1016/S0049-237X(09)70361-1
https://doi.org/10.1016/S0049-237X(09)70361-1
https://doi.org/10.1093/jigpal/jzv021
https://doi.org/10.1111/theo.12541
https://doi.org/10.1007/s10992-021-09596-7
https://doi.org/10.1093/analys/anac100

