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Holliday [3] introduced a non-classical logic called fundamental logic, which captures ex-
actly those properties of the connectives A,V and — that hold in virtue of their introduction
and elimination rules in Fitch’s natural deduction system for propositional logic. Fundamental
logic is a sublogic of both (the {—}-free fragment of) intuitionistic logic and orthologic. The
former can be obtained from fundamental logic by adding the Reiteration rule to Holliday’s
Fitch system for fundamental logic, while the second can be obtained by adding the Double
Negation Elimination rule.

From the algebraic perspective, fundamental logic is the logical counterpart to the variety

of fundamental lattices:

Definition 0.1. A fundamental lattice is a tuple (L, <,A,V,—,0,1) such that (L, <, A,V,0,1)
is a bounded lattice and —: L — L is an antitone map satisfying the following properties:

e a/N\—a=0;
.a§—|—|a,

Since fundamental logic is weaker than both intuitionistic logic and orthologic, fundamental
lattices generalize both pseudocomplemented distributive lattices and ortholattices.

In this talk based on joint projects with Wes Holliday and Juan P. Aguilera respectively, 1
will present some recent results which shed some new light on the relationship between funda-
mental logic, intuitionistic logic and orthologic.

First, I will discuss two translations of fundamental logic into modal orthologic and modal
intuitionistic logic. The first translation is based on the celebrated Godel-McKinsey-Tarski
translation [4] of intuitionistic logic into S4, the modal logic of reflexive and transitive Kripke
frames. The restriction of this translation to the {— }-free fragment of IPC is a map 7 inductively
defined as follows:

7(p) =

(
(=¢) = O-7(¢);

T(@AY) =7(d) AT(¥);
T(@VY) =7(d) VT(¥).

As it turns out, this translation also yields an embedding of fundamental logic into 0S4,
the natural counterpart of S4 in orthomodal logic.

3

Theorem 0.2 (Holliday and Massas 2025). The Gédel-McKinsey-Tarski translation 7 is a full
and faithful translation of fundamental logic into OS4.
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A similar result can be obtained by “swapping” the roles of intuitionistic logic and ortho-
logic. Goldblatt [2] defined the following translation o from the language of orthologic into the
language of modal logic:

o(p) = 0OOp;
o(=¢) = O-0(e);
o(p Np) =0a() No(¥);
(@ V) =00(a(d) Vo(ih)).

Goldblatt shows that o is a full and faithful translation of orthologic into the modal logic
KTB of reflexive and symmetric Kripke frames. In order to generalize this result, we define the
logic FSTB, a natural counterpart of KTB in the setting of Fischer-Servi intuitionistic modal
logics [1].

)

Definition 0.3. The intuitionistic modal logic FSTB extends the Fischer-Servi logic FS with
the following axioms:

O¢p k¢, ¢ Og;
oO¢ - ¢, ¢ - ©O¢.

Theorem 0.4 (Holliday and Massas 2025). The Goldblatt translation o is a full and faithful
translation of fundamental logic into FSTB.

These results establish that fundamental logic is, arguably, both “intuitionistic logic from
the viewpoint of orthologic”, and “orthologic from the viewpoint of intuitionistic logic”.

Lastly, I will discuss the relationship between fundamental logic and orthointuitionistic
logic, i.e., the strongest logic contained in both the {—}-free fragment of intuitionistic logic
and orthologic. Although fundamental logic is strictly weaker than orthointuitionistic logic, the
latter turns out to have a reasonably simple axiomatization.

Definition 0.5. Let Ol be the smallest consequence relation extending fundamental logic and
closed under the following axioms:

e pA(qVr)A—msE—m(pAs)A(sV(DAG)V (PAT));

e ~((pAgV(pAT)AS)AsE(PA(gVT))V=(pA(gVT))

Theorem 0.6 (Aguilera and Massas 2025). The logic Ol is the strongest extension of funda-
mental logic that is weaker than both orthologic and intuitionistic logic.
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