Varieties of MV-monoids and positive MV-algebras

Marco Abbadini!, Paolo Agliano?, and Stefano Fioravanti®*

1 School of Computer Science, University of Birmingham, UK.
m.abbadini@bham.ac.uk
2 DIISM, Universita di Siena, Italy.
agliano@live.com
3 Department of Algebra, Charles University Prague, Czech Republic.
stefano.fioravanti66@gmail.com

Abstract

We investigate MV-monoids and their subvarieties. An MV-monoid is an algebra
(A, V,\,®,0,0,1) where:

e (A,V,A,0,1) is a bounded distributive lattice;
e (A, ®,0) and (A,®, 1) are commutative monoids;
e @ and O distribute over V and A;

e for every z,y,z € A,

(22y) 0 ((z0y) ®2) = (20 (y®2))® (yO2);
oy a((zoy)02)=(®(y02)0(y©2);
oy ez=((z0y o(z0y) ®2) V=
oy oz=(z0y e(zay) 02) Az

Every MV-algebra in the signature {®, —,0} is term equivalent to an algebra that has
an MV-monoid as a reduct, by defining, as standard, 1 := =0, z © y = —~(-z ® ),
xVy = (x0 ) @y and x Ay = -(—z V -y). We study subdirectly irreducible MV-
monoids and show that every subdirectly irreducible MV-monoids A is totally ordered and
satisfies property: for all z,y € A, x ®y=1lorxz @y =0.

Furthermore, we investigate the bottom part of the lattice of subvarieties of MV-
monoids, characterizing all the almost minimal varieties of MV-monoids as the varieties
generated by:

e a reduct of a finite MV-chain of prime order (L);

e the unique MV-monoid C% on the 3-element chain 0 < € < 1 satisfying e ®e = ¢
and € ® ¢ = 0;

e the dual of C5.

One of the main tool we used to develop the theory of MV-monoids is the categorical
equivalence I' between unit commutative ~-monoids and MV-monoids [1].

A unital commutative £-monoid is an algebra (M,V,A,+,1,0,—1) with the following
properties:

e (M,V,A,+,0) is a commutative ¢-monoid;

e —1+1=0;

e —1<0<1;

e for all z € M there is n € N such that
-+ +(-)<z<l4+-- 41,
- —

n times n times
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Thus, the relationship between unital commutative -monoids and MV-monoids is similar
to the one between abelian ¢-groups and MV-algebras and we exploit this fact in several
statements of our work.

We also present two versions of Holder’s theorem for unital commutative ¢-monoids.

Theorem. Let M be a nontrivial totally ordered unital commutative ~-monoid. There is
a unique homomorphism from M to R.

Definition. A unital commutative f~-monoid M is Archimedean provided that, for all
x,y € M, if for all n € N we have nz < ny + 1, then z < y.

Theorem. (Holder’s theorem for unital commutative £~-monoids) Let M be an Archimedean
nontrivial totally ordered unital commutative ¢-monoid. The unique homomorphism from
M to R is injective, and so M is isomorphic to a subalgebra of R.

Particular examples of MV-monoids are positive MV-algebras, i.e. the {V, A, ®,®,0,1}-
subreducts of MV-algebras or, equivalently, the proper subquasivariety of the variety of
MV-monoids (MVM), axiomatized relatively to MVM by

(zPzmyPrzandz@zry0z) = =Y.

Positive MV-algebras form a peculiar quasivariety in the sense that, albeit having a logical
motivation (being the quasivariety of subreducts of MV-algebras), it is not the equivalent
quasivariety semantics of any logic in the sense of [2]. In this cancellative setting, we char-
acterized the varieties of positive MV-algebras.

Theorem. The varieties of positive MV-algebras are precisely the varieties generated by
a finite set of finite positive MV-algebras. Equivalently, they are precisely the varieties
generated by a finite subset of {L;} | n € N\ {0}}, where L;} is the {V, A, ®, ®,0, 1}-reduct
of the n + 1-element MV-chain L,,.

We also proved that such reducts coincide with the subdirectly irreducible finite positive
MV-algebras. Using these results we show that positive MV-algebras form an unbounded
sublattice of the lattice of all subvarieties of MVM.

Indeed, we prove that: a variety of positive MV-algebras is of the form V(K;), where I
is a finite subset of N containing all the divisors of its elements (divisor-closed subsets)

Theorem. The set A(MV™) of varieties of positive MV-algebras is in bijection with the
set J of divisor-closed finite sets, as witnessed by the inverse functions:
f: T — AMVT) g: AMVT) — 7
I— V(Kr) Vi— {neN\ {0} | L €V}.

where we denote by K is the set of all reducts of MV-chains with cardinality in I.

Furthermore, we present axiomatizations of all varieties of positive MV-algebras, using
a strategy similar to that of Di Nola and Lettieri [3]. To do so, we define the following set
of equations.

Let I C N be a divisor-closed set, and let m be the maximum of I (with the convention
that m = 0 if I = ()). We define X; as the set of equations given by the single equation

(m+ 1)z~ mz (1)
union the equations of the form

m((k — 1)x)k ~ (kx)™ (2)
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for all 1 < k < m such that k ¢ I.

For n € N and k € Z we define the unary term 7, x(x) inductively on n as follows:

1 ifk<—1,
70,k () :_{ -

0 ifk>0.

Tn+1,k(x) = Tn,k—l(m) O] (.23 ® Tn,k(x)),

For every n € N, let ®,, be the following set of equations, for k ranging in {0, ...

Trk(T) @ Tn i (2) = T (x) and 7,k (2) © Tn,k(T) = Tnk ().

Theorem. Let I be a divisor-closed finite set; then V(Kr) is axiomatized by ®iem(ry U X1
relatively to the variety of MV-monoids, where K is the set of all reducts of MV-chains

with cardinality in [.

To conclude, in the following table we summarize our axiomatizations of the almost

minimal varieties of MV-monoids and the varieties of positive MV-algebras.

Variety Axiomatization (within MV-monoids)
V(CzA) rdbr~zr

V(CY) TOTRT

V(L) r@r~randr Oz~

V(L)

To k(@) B Tn ok (2) & o k() (for0<k<n-—1)
Tk () © Tk (2) = T () (for 0<k<n-1)

V({Li [neTl})
(I div.-closed fin. set)

(setting [ :==1lem I and m := maxI)
TLJC(l’)@Tl’k(l’) R’Thk(l’) (fOI‘OSkSl—l)
Tie(2) © Tk (z) =~ 7 K(T) (for0<k<Il-1)
(m+ 1)z~ mx
m((k — Dx)* ~ (kx)™ (for 1<k <mst. kel
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