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Dynamic logics are families of logics where programs are part of the language of formulas
itself, which enables the direct use of the logic to reason about the semantics of programs [11].
At the syntactical level, each program «a defines the modalities [¢] and (a) and a formula [a] ¢
is interpreted as “every state reached after executing a satisfies the formula ¢” while a formula
(a) ¢ is interpreted as “there is a state reached after executing a satisfying the formula F”.
Instances of dynamic logic include the modal p-calculus [17], the Hennessy-Milner logic [12],
and the propositional dynamic logic (PDL) [11], and provide solid foundations for the study of
program verification and model checking [31, 7].

PDL and the concurrency problem

While PDL has been successfully applied to the study of sequential programs, extending this
approach to concurrent programs has been proved to be challenging. In standard PDL, a
program is represented by a regular expression that describes its set of possible traces. In
other words, programs are elements of a free Kleene algebra. This representation of programs
is satisfactory when reasoning about sequential programs, because one obtains that the theory
of equational reasoning for Kleene algebras is a complete system for reasoning about trace
equivalence [14, 18, 15, 30]. Trace equivalence is therefore captured by logical equivalence in
PDL:

a and b have the same traces iff Fppp [a] ¢ < [b] ¢ for any formula ¢ . (1)

However, the case of concurrent programs with an interleaving semantics is more problem-
atic. In the presence of interleaving, one expects traces differing by interleaving to be equivalent
modulo equations of the form a;b = b;a (called commutations). Unfortunately, the word prob-
lem in a Kleene algebra enriched with an equational theory containing such commutations is
known to be undecidable! which makes undecidable checking whether two modalities in PDL
are equivalent same.

As a consequence of this problem, applications of PDL to concurrency fall short of the ex-
pected level of expressivity from established theories, like CCS [23] and the 7-calculus [24].
For example, previous works lack nested parallel composition, synchronisation, or recur-
sion [21, 5, 28, 29, 27, 4]. In general, adding any new concurrency feature (e.g., a construct
in the language of programs or a law defining its semantics) requires great care and effort in
establishing the meta-theoretical properties of the logic. The result: a literature of various PDL,
all independently useful, but with different limitations and dedicated technical developments.

In this talk

We discuss the result in [2], where we develop operational propositional dynamic logic (OPDL).
The key innovation of OPDL is to distinguish and separate reasoning on programs from reasoning

Mn [16] is proven that the word problem in a star-continuous Kleene algebra can be reduced to an instance
of the Post correspondence problem, by combining sequential composition, iteration, and commutations. This
result has been recently extended to the general case of Kleene algebras [3].
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on their traces. Thanks to this distinction, we circumvent previous limitations and finally
obtain a PDL that can be applied to established concurrency models, such as CCS [23] and
choreographic programming [25]. Crucially, OPDL is a general framework: it is parameterised
on the operational semantics used to generate traces from programs, yielding a simple yet
reusable approach to characterise trace reasoning.

After recalling the axiomatization and semantics of PDL, we provide a proof of its soundness
and completeness with respect to the non-wellfounded sequent calculus introduced in [8]. For
this purpose, we provide the first cut-elimination result for this non-wellfounded calculus, by
adapting the technique developed in [1].2 This allows us to prove our results by reasoning on
the axiomatisation and the sequent system, without directly relying on semantic arguments.

Then, we extend PDL with an additional axiom allowing us to encapsulate an operational
semantics for a set of programs into the trace reasoning.

Ao : o] e /\ 0] [v] & with a —b—> ~y in the operational semantics O (2)

a —b=> vy

We call the resulting logic operational propositional dynamic logic (or OPDL), providing a gen-
eral framework encompassing various previous works [21, 5, 10], and we provide instantiations
of OPDL for Milner’s CCS [23] and Montesi’s latest presentation of choreographic program-
ming [26].

We conclude by discussing the open questions about the axiomatizaiton of algebraic models
for OPDL, and we provide a roadmap for future research in this area.
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